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a b s t r a c t
In this paper, the solution of Cauchy reaction–diffusion problem is presented by means of
the homotopy perturbationmethod. Reaction–diffusion equations have special importance
in engineering and sciences and constitute a good model for many systems in various
fields. Application of homotopy perturbation method to this problem shows the rapid
convergence of the sequence constructed by this method to the exact solution.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
Reaction–diffusion equations describe a wide variety of nonlinear systems in physics, chemistry, ecology, biology and
engineering [1–4].
Reaction–diffusion equations are widely used as models for spatial effects in ecology. They support three important
types of ecological phenomena: the existence of a minimal patch size necessary to sustain a population, the propagation of
wavefronts corresponding to biological invasions, and the formation of spatial patterns in the distributions of populations in
homogeneous environments. Reaction–diffusion equations can be analyzed bymeans of methods from the theory of partial
differential equations and dynamical systems.
By a reaction–diffusion, we mean an equation of the following form:
∂w
∂t
= ∆w + f (w,∇w; x, t) . (1)
The term∆w is diffusion term and f (w,∇w; x, t) is the reaction term. More generally the diffusion termmay be of type
A(w), where A is a second-order elliptic operator, which may be nonlinear and degenerate.
In this paper, we consider the one-dimensional, time-dependent reaction–diffusion equation
∂w
∂t
(x, t) = D∂
2w
∂x2
(x, t)+ r (x, t) w (x, t) , (x, t) ∈ Ω ⊂ R2, (2)
where w is the concentration, r is the reaction parameter and D > 0 is the diffusion coefficient, subject to the initial or
boundary conditions
w (x, 0) = g (x) , x ∈ R (3)
w (0, t) = f0 (t) , ∂w
∂x
(0, t) = f1 (t) , t ∈ R. (4)
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The problem given by Eqs. (2) and (3) is called the characteristic Cauchy problem in the domain Ω = RxR+, whilst the
problem given by Eqs. (2) and (4) is called the non-characteristic Cauchy problem in the domainΩ = R+xR.
Approximate series solutions of the reaction–diffusion problems were given Lesnic [5] using analytical Adomian
decomposition method (ADM) and by Dehghan and Shakeri [6] using variational iteration method (VIM). Bataineh, Noorani
and Hashim [7] applied homotopy analysis method (HAM) to Cauchy reaction–diffusion equation. Wang and He [8] used
VIM for a nonlinear reaction–diffusion process. Also He andWu [9] used exp-functionmethod for nonlinearwave equations.
In this letter, the Cauchy reaction–diffusion equation shall be solved by homotopy perturbation method (HPM).
The homotopy perturbation method was first proposed by the Chinese mathematician Ji-Huan He [10–16]. The essential
idea of this method is to introduce a homotopy parameter, say p, which takes values from 0 to 1. When p = 0, the system of
equations usually reduces to a sufficiently simplified form, which normally admits a rather simple solution. As p is gradually
increased to 1, the system goes through a sequence of deformations, the solution for each of which is close to that at the
previous stage of deformation. Eventually at p = 1, the system takes the original form of the equation and the final stage of
deformation gives the desired solution. One of themost remarkable features of the HPM is that usually just few perturbation
terms are sufficient for obtaining a reasonably accurate solution. Considerable researchworks have been conducted recently
in applying this method to a class of linear and nonlinear equations [17–28]. The interested reader can see the Refs. [29–31]
for last development of HPM. This homotopy perturbation method will become a much more interesting method to solving
nonlinear differential equations in science and engineering. We extend the method to solve Cauchy reaction–diffusion
equation.
2. Basic ideas of HPM
To illustrate the basic idea of He’s homotopy perturbation method, consider the following general nonlinear differential
equation;
A(u)− f (r) = 0, r ∈ Ω (5)
with boundary conditions;
B(u, ∂u/∂n) = 0, r ∈ Γ (6)
where A is a general differential operator, B is a boundary operator, f (r) is a known analytic function, Γ is the boundary of
the domainΩ .
The operator A can, generally speaking, be divided in to two parts L and N , where L is linear, and N is nonlinear, therefore
Eq. (5) can be written as,
L(u)+ N(u)− f (r) = 0. (7)
By using homotopy technique, one can construct a homotopy v(r, p) : Ω × [0, 1]→ Rwhich satisfies
H(v, p) = (1− p) [L(v)− L(u0)]+ p [A(v)− f (r)] = 0, p ∈ [0, 1] , (8a)
or
H(v, p) = L(v)− L(u0)+ pL(u0)+ p [N(v)− f (r)] = 0 (8b)
where p ∈ [0, 1] is an embedding parameter, and u0 is the initial approximation of Eq. (5) which satisfies the boundary
conditions. Clearly, we have
H(v, 0) = L(v)− L(u0) = 0 (9)
H(v, 1) = A(v)− f (r) = 0 (10)
the changing process of p from zero to unity is just that of v(r, p) changing from u0(r) to u(r). This is called deformation,
and also, L(v) − L(u0) and A(v) − f (r) are called homotopic in topology. If, the embedding parameter p; (0 ≤ p ≤ 1) is
considered as a ‘‘small parameter’’, applying the classical perturbation technique, we can naturally assume that the solution
of Eqs. (9) and (10) can be given as a power series in p, i.e.,
v = v0 + pv1 + p2v2 + · · · (11)
and setting p = 1 results in the approximate solution of Eq. (8) as;
u = lim
p→1 v = v0 + v1 + v2 + · · · . (12)
The convergence of series (12) has been proved by He in his paper [14]. It is worth to note that the major advantage of
He’s homotopy perturbation method is that the perturbation equation can be freely constructed in many ways (therefore is
problem dependent) by homotopy in topology and the initial approximation can also be freely selected.
3. HPM solutions
In order to solve Eqs. (2) and (3) (i.e., partial t-solution) by HPM, we choose the initial approximation
w0 (x, t) = g (x) , (13)
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and construct the following homotopy:
∂w
∂t
(x, t)− ∂w0
∂t
(x, t) = p
(
D
∂2w
∂x2
(x, t)+ r (x, t) w (x, t)− ∂w0
∂t
(x, t)
)
. (14)
Assume the solution of Eq. (14) in the form:
w = w0 + pw1 + p2w2 + p3w3 + · · · . (15)
Substituting (15) into Eq. (14) and collecting terms of the same power of p gives:
p0 : ∂w0
∂t
− ∂w0
∂t
= 0, (16)
p1 : ∂w1
∂t
= D∂
2w0
∂x2
+ r (x, t) w0 (x, t)− ∂w0
∂t
, (17)
p2 : ∂w2
∂t
= D∂
2w1
∂x2
+ r (x, t) w1 (x, t) , (18)
...
We can start with w0 (x, t) = g (x), and all the linear equations above can be easily solved, we get all the solutions. The
solution of (14) can be obtained by setting p = 1 in Eq. (15):
w = w0 + w1 + w2 + w3 + · · · . (19)
4. Test examples
In this section, we determine the reliability of the HPM for different cases of r (x, t). Examples have been chosen so that
their analytical solutions exist.
Example 1. Case r = constant.
Taking D = 1 and r = −1, Eq. (2) recasts as the Kolmogorov–Petrovsly–Piskunov (KPP) equation:
∂w
∂t
(x, t) = ∂
2w
∂x2
(x, t)− w (x, t) , (x, t) ∈ Ω ⊂ R2, (20)
subject to the initial and boundary conditions
w (x, 0) = e−x + x = g (x) , x ∈ R, (21)
w (0, t) = 1 = f0 (t) , (22)
∂w
∂t
(0, t) = e−t − 1 = f1 (t) , t ∈ R. (23)
According to homotopy perturbation procedures Eqs. (13)–(18) we now successively obtain
w0 (x, t) = e−x + x, (24)
w1 (x, t) = −tx, (25)
w2 (x, t) = 12 t
2x, (26)
w3 (x, t) = −16 t
3x, (27)
...
Then the series solutions expression by HPM can be written in the form:
w (x, t) = w0 (x, t)+ w1 (x, t)+ w2 (x, t)+ w3 (x, t)+ · · · . (28)
Then, the approximate solutions in a series form are
w (x, t) = e−x + x
(
1− t + t
2
2! −
t3
3! + · · ·
)
= e−x + xe−t (29)
which is the exact solution of Eqs. (20)–(23).
A. Yıldırım / Computers and Mathematics with Applications 57 (2009) 612–618 615
Example 2. Case r = r (t)
Taking D = 1 and r (t) = 2t , Eq. (2) becomes:
∂w
∂t
(x, t) = ∂
2w
∂x2
(x, t)+ 2tw (x, t) , (x, t) ∈ Ω ⊂ R2, (30)
subject to the initial and boundary conditions
w (x, 0) = ex = g (x) , x ∈ R, (31)
w (0, t) = et+t2 = f0 (t) , (32)
∂w
∂t
(0, t) = et+t2 = f1 (t) , t ∈ R. (33)
According to homotopy perturbation procedures Eqs. (13)–(18) we now successively obtain
w0 (x, t) = ex, (34)
w1 (x, t) = ex
(
t + t2) , (35)
w2 (x, t) = ex
(
t2
2
+ t3 + t
4
2
)
, (36)
w3 (x, t) = ex
(
t3
6
+ t
4
2
+ t
5
2
+ t
6
6
)
, (37)
...
Then, the approximate solutions in a series form are
w (x, t) = ex
(
1+ t + 3t
2
2! +
7t3
3! +
25t4
4! + · · ·
)
= ex+t+t2 (38)
which is the exact solution of Eqs. (30)–(33).
Example 3. Case r = r (x).
Taking D = 1 and r (x) = −1− 4x2, Eq. (2) becomes
∂w
∂t
(x, t) = ∂
2w
∂x2
(x, t)− (1+ 4x2)w (x, t) , (x, t) ∈ Ω ⊂ R2, (39)
subject to the initial and boundary conditions
w (x, 0) = ex2 = g (x) , x ∈ R, (40)
w (0, t) = et = f0 (t) , (41)
∂w
∂t
(0, t) = 0 = f1 (t) , t ∈ R. (42)
According to homotopy perturbation procedures Eqs. (13)–(18) we now successively obtain
w0 (x, t) = ex2 , (43)
w1 (x, t) = ex2 t, (44)
w2 (x, t) = ex2 t
2
2
, (45)
w3 (x, t) = ex2 t
3
6
, (46)
...
Then, the approximate solutions in a series form are
w (x, t) = ex2
(
1+ t + t
2
2! +
t3
3! +
t4
4! + · · ·
)
= et+x2 (47)
which is the exact solution of Eqs. (39)–(42).
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Example 4. Case r = r (x, t).
Finally, taking D = 1 and r (x, t) = −4x2 + 2t − 2, Eq. (2) recasts as:
∂w
∂t
(x, t) = ∂
2w
∂x2
(x, t)− (4x2 − 2t + 2)w (x, t) , (x, t) ∈ Ω ⊂ R2, (48)
subject to the initial and boundary conditions
w (x, 0) = ex2 = g (x) , x ∈ R, (49)
w (0, t) = et2 = f0 (t) , (50)
∂w
∂t
(0, t) = 0 = f1 (t) , t ∈ R. (51)
According to homotopy perturbation procedures Eqs. (13)–(18) we now successively obtain
w0 (x, t) = ex2 , (52)
w1 (x, t) = ex2 t2, (53)
w2 (x, t) = ex2 t
4
2
, (54)
w3 (x, t) = ex2 t
6
6
, (55)
...
Then, the approximate solutions in a series form are
w (x, t) = ex2
(
1+ t2 + t
4
2! +
t6
3! +
t8
4! + · · ·
)
= ex2et2 (56)
which is the exact solution of Eqs. (48)–(51).
Example 5. Finally, we consider the following two-dimensional problem
∂w
∂t
+ ∂w
∂x
+ ∂w
∂y
− ∂
2w
∂x2
− ∂
2w
∂y2
= 0, (x, y, t) ∈ Ω ⊂ R3, (57)
subject to the initial condition
w (x, y, 0) = exp [− (x− 0.05)2 − (y− 0.5)2] . (58)
According to homotopy perturbation procedures Eqs. (13)–(18) we now successively obtain
w0 (x, y, t) = exp
[− (x− 0.05)2 − (y− 0.5)2] , (59)
w1 (x, y, t) = exp
[− (x− 0.05)2 − (y− 0.5)2] (4x2 − 2x+ 4 (y− 1.28078) (y+ 0.780778)) t, (60)
w2 (x, y, t) = exp
[− (x− 0.05)2 − (y− 0.5)2]
 8x2 − 8x3 + 16x2 (y− 1.64194) (y+ 1.14194)−8x (y− 1.68614) (y+ 1.18614)
+8 (y− 2.13746) (y− 1) (y+ 0.5) (y+ 1.63746)
 t2, (61)
...
in this manner the components of the homotopy perturbationmethod are obtained as far as we like. Some numerical results
related to the problem under consideration are shown in Table 1.We used sixth-order approximation in Table 1. To increase
the accuracy of the results or to decrease the error, we increase the number of components.
5. Conclusion
In this work, the homotopy perturbation method (HPM) has been successfully applied to time-dependent
reaction–diffusion equation. Application of this method is easy and calculation of successive approximations is direct and
straightforward.
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Table 1
Some numerical values of the problem presented in Example 5. Error in ∂w
∂t + ∂w∂x + ∂w∂y − ∂
2w
∂x2
− ∂2w
∂y2
= 0 at (x, y)when t = 0.1.
y/x 0.2 0.4 0.6 0.8 1.0
0.2 1.07142E−03 1.00905E−03 3.73240E−04 3.08426E−04 5.00628E−04
0.4 1.00905E−03 9.38058E−04 2.91148E−04 3.83625E−04 5.40541E−04
0.6 3.73240E−04 2.91148E−04 1.6599E−04 5.59178E−04 4.98117E−04
0.8 3.08426E−04 3.83625E−04 5.59178E−04 5.81031E−04 2.92605E−04
1.0 5.00628E−04 5.40541E−04 4.98117E−04 2.92605E−04 4.67080E−05
The method can also be applied to linear reaction–advection–diffusion equations of the form
∂w
∂t
(x, t) = D∂
2w
∂x2
(x, t)+ q (x, t) ∂w
∂x
(x, t)+ r (x, t) w (x, t) , (x, t) ∈ Ω ⊂ R2, (62)
where q (x, t) is the known flow velocity.
Further work will investigate nonlinear equations of the form
∂w
∂t
(x, t) = D∂
2w
∂x2
(x, t)+ q (x, t) φ (w)+ r (x, t) ψ (wx)+ s (x, t) θ (w,wx) , (x, t) ∈ Ω ⊂ R2, (63)
where φ (w) ,ψ (wx) and θ (w,wx) are nonlinear functionals.
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